
Chaos via torus destruction

in models of dengue fever and predator-prey systems,

implications for data analysis
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Explicit multi-strain models:

example: dengue fever

simplest example: two-strain SIR model

including antibody dependent enhancement (ADE)

=> chaos only for large ADE parameter φ

biologically motivated extension

including temporary cross immunity

=> chaos for much wider φ–region

(also for “inverse ADE”)



Explicit multi-strain models:

example: dengue fever

simplest example: two-strain SIR model

including antibody dependent enhancement (ADE)

=> chaos only for large ADE parameter φ

biologically motivated extension

including temporary cross immunity

=> chaos for much wider φ–region

(also for “inverse ADE”)

via Hopf, torus bifurcations and torus destruction



Antibody dependent enhancement, ADE

... and temporary cross-immunity



Transition rates for two-strain SIR model

with ADE and temporary cross immunity
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Transition rates for two-strain SIR model

with ADE and temporary cross immunity
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Multi-strain model for dengue fever

dS

dt
= −β1

N
S(I1 + φ1I21) − β2

N
S(I2 + φ2I12) + µ(N − S)

dI1

dt
=

β1

N
S(I1 + φ1I21) − (γ + µ)I1

dI2

dt
=

β2

N
S(I2 + φ2I12) − (γ + µ)I2

dR1

dt
= γI1 − (α + µ)R1

dR2

dt
= γI2 − (α + µ)R2

dS1

dt
= −β2

N
S1(I2 + φ2I12) + αR1 − µS1

dS2

dt
= −β1

N
S2(I1 + φ1I21) + αR2 − µS2

dI12

dt
=

β2

N
S1(I2 + φ2I12) − (γ + µ)I12

dI21

dt
=

β1

N
S2(I1 + φ1I21) − (γ + µ)I21

dR

dt
= γ(I12 + I21) − µR



Bifurcations for changing φ
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Dengue: Bifurcation diagram
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Fixed point stability analysis generalized

small deviations ∆x := x(t)−x∗ now from any attrac-
tor trajectory x∗(t)

d

dt
x(t) =

d

dt
(x∗ + ∆x) =

d

dt
x∗ +

d

dt
∆x

= f(x) = f(x∗ + ∆x)

and using Taylor’s expansion

f(x∗ + ∆x) = f(x∗) +
df

dx

∣
∣
∣
∣
x=x∗(t)

· ∆x + O((∆x)2)

gives (with d
dtx

∗ = f(x∗)) now along the attractor
trajectory x∗(t)

d

dt
∆x =

df

dx

∣
∣
∣
∣
x=x∗(t)

· ∆x



Stability around a limit cycle
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Stability around a limit cycle
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Stability around a limit cycle
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cobi matrix along attractor x∗(t) via QR-decomposition
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Lyapunov exponents

characterize deteministic attractors

all Lyapunov exponents smaller zero, λi < 0

=> fixed point

largest Lyapunov exponent equal zero, λ1 = 0

=> limit cycle

largest Lyapunov exponent larger zero, λ1 > 0

=> chaotic attractor



Quantifying chaos, example Lorenz attractor
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Lorenz attractor
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Dengue chaos
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Lyapunov exponents along dengue attractor
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Dengue: Lyapunov spectrum
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Lyapunov spectrum versus bifurcation diagram
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Bifurcation analysis via continuation: AUTO
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Bifurcation analysis via continuation: AUTO
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numerical bifurcation diagrams:

torus bifurcation and soon after deterministic chaos



Dengue data from Thailand, updated till end of 2013

34 years of symptomatic dengue cases for all 77 provinces
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Dengue data from Thailand, updated till end of 2013

34 years of symptomatic dengue cases for all 77 provinces
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Dengue data from Thailand, updated till end of 2013

34 years of symptomatic dengue cases for all 77 provinces
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Modelling multi-strain dynamics

gives time series comparable to data

non-seasonal model in chaotic region

seasonality preserves chaotic pattern



Data matching:

compare simulations with data

Chiang Mai

Krung Tep (”Bangkok”)



Iterated Filtering

algorithmic description after Bretó et al. 2009:
MODEL INPUT: f(·), g(·|·), y1, ..., yN, t0, ..., tN

ALGORITHMIC PARAMETERS: integers J , L, M ; scalars 0 < a < 1, b > 0; vectors X
(1)
I , θ(1);

positive definite symmetric matrices ΣI ,Σθ.

1. FOR m = 1 to M

2. XI(t0, j) ∼ N [X
(m)
I , am−1ΣI], j = 1, ..., J

3. XF (t0, j) = XI(t0, j)

4. θ(t0, j) ∼ N [θ(m), bam−1Σθ]

5. θ̄(t0) = θ(m)

6. FOR n = 1 to N

7. XP (tn, j) = f(XF (tn−1, j), tn−1, tn, θ(tn−1, j), W )

8. w(n, j) = g(yn|XP (tn, j), tn, θ(tn−1, j))

9. draw k1, ..., kJ such that Prob(kj = i) = w(n, i)/
∑

ℓ

w(n, ℓ)

10. XF (tn, j) = XP (tn, kj)

11. XI(tn, j) = XI(tn−1, kj)

12. θ(tn, j) ∼ N [θ(tn−1, kj), am−1(tn − tn−1)Σθ]

13. Set θ̄i(tn) to be the sample mean of {θi(tn−1, kj), j = 1, ..., J}
14. Set Vi(tn) to be the sample variance of {θi(tn, j), j = 1, ..., J}
15. END FOR

16. θ
(m+1)
i = θ

(m)
i + Vi(t1)

N∑

n=1

V −1
i (tn)(θ̄i(tn) − θ̄i(tn−1))

17. Set X
(m+1)
I to be the sample mean of {XI(tL, j), j = 1, ..., J}

18. END FOR

RETURN
maximum likelihood estimate for parameters, θ̂ = θ(M+1)

maximum likelihood estimate for initial values, X̂(t0) = X
(M+1)
I

maximized conditional log likelihood estimates, ℓn(θ̂) = log(
∑

j w(n, j)/J)

maximized log likelihood estimate, ℓ(θ̂) =
∑

n ℓn(θ̂)



Short term predictability,

long term unpredictability
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So what is needed?

toy models

with torus bifurcation

stochastic version

chaos after torus bifurcation



Rinaldi, Muratori, Kuznetsov 1993



Rosenzweig-MacArthur model

with Holling type II response function

preys X and predators Y governed by ODE-system

Ẋ = ̺X

(

1 − X

κ

)

− k
X

k
b
N + X

Y

Ẏ = ν
X

k
b
N + X

Y − µY

with Holling type II response function

ϕ(X) :=
X

k
b
N + X

instead of ϕ(X) = X as in Lotka-Volterra systems



Extended system with searching and handling predators

and time scale separation => RM-H

preys X, searching predators Ys and handling preda-
tors Yh

S + X
β−→ X + X

X
α−→ S

X + Ys
b−→ S + Yh

Yh
k−→ Ys

Yh
ν−→ Yh + Ys

Ys
µ−→ ∅

Yh
µ−→ ∅

with predators X occupying space (or resources) S
with birth rate β and giving space (resources) free
with death rate α, hence growth rate ̺ := β − α and
carrying capacity κ := N(1 − α/β)



Extended system with searching and handling predators

and time scale separation => RM-H

preys X, searching predators Ys and handling preda-
tors Yh

S + X
β−→ X + X

X
α−→ S

X + Ys
b−→ S + Yh

Yh
k−→ Ys

Yh
ν−→ Yh + Ys

Ys
µ−→ ∅

Yh
µ−→ ∅

with predators X occupying space (or resources) S
with birth rate β and giving space (resources) free
with death rate α, hence growth rate ̺ := β − α and
carrying capacity κ := N(1 − α/β)

gives stochastic version of RM-H



Mean field approximation of

extended system

preys X, handling predators Yh and searching preda-
tors Ys

Ẋ =
β

N
X(N − X) − αX − b

N
XYs

Ẏh =
b

N
XYs − kYh − µYh

Ẏs = − b

N
XYs + kYh − µYs + νYh

and time scale separation via rescaled variables

k̂ := εk and b̂ := εb

gives sub-system of handlers and searchers in station-
arity

0 =
b̂

N
XYs − k̂Yh

0 = − b̂

N
XYs + k̂Yh



Mean field approximation of

extended system

subsystem in equlibrium gives with total predators
Y = Yh + Ys, hence Yh = Y − Ys etc. the solutions

Ys =
k̂Y

k̂ + b̂
N

X
=

εkY

εk + εb
N

X
=

kY

k + b
N

X

Yh = X
Y

k̂

b̂
N + X

= X
Y

εk
εb

N + X
= X

Y
k
b
N + X

and with
d

dt
Y =

d

dt
(Ys + Yh) = −µ(Ys + Yh) + νYh = −µY + νX

Y
k
b
N + X

the Rosenzweig-MacArthur type model with Holling
type II response function back

Ẋ = ̺X

(

1 − X

κ

)

− k
X

k
b
N + X

Y

Ẏ = −µY + ν
X

k
b
N + X

Y



Limit cycle with trajectory from initial condition

spiraling into it
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Corresponding stochastic process

of extended system

with variables X, Y := Yh + Ys and Z := Ys we have
d

dt
p(X, Y, Z, t) =

β

N
(N − (X − 1))(X − 1) p(X − 1, Y, Z, t)

+α(X + 1) p(X + 1), Y, Z, t)

+
b

N
(X + 1)(Z + 1) p(X + 1, Y, Z + 1, t)

+k(Y − Z + 1) p(X, Y, Z − 1, t)

+ν(Y − Z) p(X, Y − 1, Z − 1, t)

+µ(Z + 1) p(X, Y + 1, Z + 1, t)

+µ(Y − Z + 1) p(X, Y + 1, Z, t)

−
(

β

N
(N − X)X + αX +

b

N
XZ + k(Y − Z)

+ ν(Y − Z) + µZ + µ(Y − Z)

)

p(X, Y, Z, t)



Comparison of deterministic and stochastic systems

both with spiraling into Hopf limit cycle
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Comparison of deterministic and stochastic systems

both with spiraling into Hopf limit cycle
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Stochastic simulations for varying population sizes N
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From master equation to Fokker-Planck equation

via Kramers-Moyal expansion

with densities x := X/N , y := Y/N and z := Z/N
we have the master equation
d

dt
p(x, y, z, t) = Nβ

(

x − 1

N

) (

1 −
(

x − 1

N

))

p

(

x − 1

N
, y, z, t

)

+Nα

(

x +
1

N

)

p

(

x +
1

N
, y, z, t

)

...

− (Nβx(1 − x) + Nαx + ...) p(x, y, z, t)

and with x := (x, y, z)tr as state vector and for the
n = 7 transitions wj(x) and vectors of small changes

∆xj := 1
N · rj, here with r1 = (−1, 0, 0)tr, r2 =

(1, 0, 0)tr ... we have the general form
d

dt
p(x, t) =

n∑

j=1

(

Nwj(x + ∆xj) · p(x + ∆xj, t) − Nwj(x) · p(x, t)

)

in Taylor’s expansion

wj(x + ∆xj) · p(x + ∆xj, t) =
∞∑

ν=0

1

ν!

(

∆xj · ∇x

)ν

wj(x) p(x, t)



From master equation to Fokker-Planck equation

via Kramers-Moyal expansion

giving to second order in 1/N a Fokker-Planck equa-
tion

∂

∂t
p(x, t) = −∇x





n∑

j=1

(−rj · wj(x)) p(x, t)





+
σ2

2

n∑

j=1

(rj · ∇x)
2wj(x) p(x, t)

with

∇x =






∂
∂x
∂
∂y
∂
∂z




 = ∂x

or in different notation

∂

∂t
p(x, t) = −∂x

(

f(x) p(x, t)

)

+
σ2

2

→
∂x

(

G2(x) p(x, t)

) ←
∂x



From master equation to Fokker-Planck equation

via Kramers-Moyal expansion

in new notation
∂

∂t
p(x, t) = −∂x

(

f(x) p(x, t)

)

+
σ2

2

→
∂x

(

G2(x) p(x, t)

) ←
∂x

using simply a quadratic form
→
∂x (G2(x) p(x, t))

←
∂x

here with

→
∂x (G2 p)

←
∂x=

(
∂

∂x
,

∂

∂y
,

∂

∂z

)

·





g11 g12 g13

g21 g22 g23

g31 g32 g33





2

p(x, t) ·













←
∂
∂x

←
∂
∂y

←
∂
∂z













and
f(x) =

n∑

j=1

f
j
(x) =

n∑

j=1

(−rj · wj(x))

G2(x) =
n∑

j=1

G2
j(x) =

n∑

j=1

rj · rtr
j wj(x)



From master equation to Fokker-Planck equation

via Kramers-Moyal expansion

Fokker-Planck equation

∂

∂t
p(x, t) = −∂x

(

f(x) p(x, t)

)

+
σ2

2

→
∂x

(

G2(x) p(x, t)

) ←
∂x

gives stochastic differential equation system with σ =
1/

√
N and in the XY Z case the three dimensional

Gaussian normal noise vector ε(t) = (εx(t), εy(t), εz(t))
tr

as
d

dt
x = f(x) + σG(x) · ε(t)

and using matrix square root from eigenvalue-eigenvector
decomposition G2(x) = TΛT −1 as

G(x) = T
√

ΛT tr

to be numerically implemented easily



Comparison of master equation and Fokker-Planck approx.

spiraling into fixed point
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Comparison of master equation and Fokker-Planck approx.

spiraling into fixed point
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Time series keep oscillating
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Including seasonal forcing makes the non-forced

Hopf to a torus bifurcation
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Rinaldi, Muratori, Kuznetsov 1993
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Lyapunov spectrum for unforced system
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Seasonally forced Rosenzweig-MacArthur system:

forced predator birth system

Rosenzweig-MacArthur system with ν(t)

Ẋ = ̺X

(

1 − X

κ

)

− k · ϕ(X)Y (1)

Ẏ = −µY + ν(t) · ϕ(X)Y

being
ν(t) = ν0 · (1 + η · cos(ωt))

gives 2-dim Jacobian matrix around trajectory for Lya-
punov exponent calculation

A =

(
̺

(
1 − 2X

κ

)
− kϕ′(X)Y −kϕ(X)

ν(t)ϕ′(X)Y −µ + ν(t)ϕ(X)

)

(2)



Seasonally forced Rosenzweig-MacArthur system:

autonomous system via Hopf oscillator

Rosenzweig-MacArthur system with ν(t)

Ẋ = ̺X

(

1 − X

κ

)

− k · ϕ(X)Y

Ẏ = −µY + ν0(1 + x) · ϕ(X)Y (3)

ẋ = −ωy + c · x(η2 − (x2 + y2))

ẏ = ωx + c · y(η2 − (x2 + y2))

with solution of the Hopf oscillator to force R-MacA
system

x(t) = η · cos(ω · t)

gives 4-dim Jacobian matrix around trajectory for Lya-
punov exponent calculation

B =








̺
(

1 − 2X
κ

)

− kϕ′(X)Y −kϕ(X) 0 0

ν0(1 + x) · ϕ′(X)Y −µ + ν0(1 + x) · ϕ(X) ν0ϕ(X)Y 0
0 0 c(η2 − (x2 + y2)) − 2cx2 −ω − 2cxy
0 0 ω − 2cxy c(η2 − (x2 + y2)) − 2cy2








(4)



Lyapunov spectrum for forced system

-12

-10

-8

-6

-4

-2

 0

 2

 1.5  2  2.5  3

λ i

ν [µ]

-12

-10

-8

-6

-4

-2

 0

 2

 1.5  2  2.5  3

λ i

ν [µ]

forcing via coupled Hopf-oscillator versus direct forcing



Rinaldi, Muratori, Kuznetsov 1993



Stollenwerk et al. 2016
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First results with AUTO
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Stollenwerk et al. 2016
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Further discussions and future work

discussion: Is the prey dynamics really just logistic
growth?

Does it matter in understanding ecological systems?
Data!

ecological data classically: Hudson Bay Company data
on hares and lynx

problems in understanding the data: ”Do hares eat
lynx?”



Further discussions and future work

problems in understanding the Hudson Bay data: ”Do
hares eat lynx?”

Are super-predators (with predator preference) im-
portant?

... more important than time scales in preys?



Data from the Hudson Bay Company on

on furs of hares and lynx
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Model Comparison

Consider, for a given data set I, two models: M1 with
parameter β and M2 with parameter λ

p(M1|I)

p(M2|I)
=

p(I|M1)
p(I)

· p(M1)

p(I|M2)
p(I)

· p(M2)
=

p(I|M1)

p(I|M2)
· p(M1)

p(M2)



Model Comparison

Consider, for a given data set I, two models: M1 with
parameter β and M2 with parameter λ

p(M1|I)

p(M2|I)
=

p(I|M1)
p(I)

· p(M1)

p(I|M2)
p(I)

· p(M2)
=

p(I|M1)
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· p(M1)

p(M2)

Assuming p(M1) = p(M2) = 1
2 we obtain the Bayes

factor k via

p(M1|I)

p(M2|I)
=

p(I|M1)

p(I|M2)
:= k



Model Comparison

Consider, for a given data set I, two models: M1 with
parameter β and M2 with parameter λ

p(M1|I)

p(M2|I)
=

p(I|M1)
p(I)

· p(M1)

p(I|M2)
p(I)

· p(M2)
=

p(I|M1)

p(I|M2)
· p(M1)

p(M2)

Assuming p(M1) = p(M2) = 1
2 we obtain the Bayes

factor k via

p(M1|I)

p(M2|I)
=

p(I|M1)

p(I|M2)
:= k

and with p(I|M1) :=
∫

p(I|β, M1)p(β, M1) dβ

p(I|M1) = k1 · Γ(a1 + b1)

Γ(a1)Γ(a2)
· Γ(a1 + k2)Γ(b1 + k3)

Γ(a1 + k2 + b1 + k3)

and p(I|M2) :=
∫

p(I|λ, M2)p(λ, M2) dλ

p(I|M2) = k5 · ba2
2

Γ(a2)
· Γ(a2 + k2)

(b2 + n)a2+k2



Model Comparison

we get for Bayes factor k

k =
k1 · Γ(a1 + b1) · Γ(a1 + k2) · Γ(b1 + k3) · Γ(a2) · (b2 + n)a2+k2

k5 · Γ(a1) · Γ(b1) · Γ(a1 + k2 + b1 + k3) · Γ(a2 + k2) · ba2
2

where

k1 :=

(
n−1∏

ν=0

(
N − Iν

Iν+1 − Iν

))

k2 :=

n−1∑

ν=0

(Iν+1 − Iν)

k3 :=

n−1∑

ν=0

(N − Iν+1) k5 :=

n−1∏

ν=0

1

(Iν+1 − Iν)!



Numerical examples
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Numerical examples
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Numerical examples
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Bayes factor for many realizations

over changing parameter

many realizations show more evidence for simplistic model
than for the underlying model

(lines for ln(1), no evidence, and ln(10),

”strong evidence” for more complex model)



Application to systems without anlytic solutions:
Comparison of data with simulations
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flu data cumulative simulations of
SIR-system

number of simulations in η-ball vicinity to data set gives likeli-
hood of data under this model parameter set

=> estimate of likelihood function (Stollenwerk, Briggs 2000)



Comparison of data with simulations

estimate of likelihood function (Stollenwerk, Briggs 2000)



η-ball method:

estimation of p(I1, I2, ...|β)
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η-ball method:

estimation of p(I1, I2, ...|β)
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η-ball method:

estimation of p(I1, I2, ...|β)
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η-ball method:

estimation of p(I1, I2, ...|β)
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η-ball method:

estimation of p(I1, I2, ...|β)
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η-ball method:

estimation of p(I1, I2, ...|β)
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compared with simulations I for β-values in η → 0



Computer practical in Biomaths-Lecture 2014:

data from SIS system in η-ball method
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η-ball method for Dutch influenza data
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daily influenza data between 1st of January and 15th of April
2007 for the Netherlands (from InfluenzaNet, EPIWORK project)

... to be compared with SIR stochastic simulations for various
parameter values



Estimated likelihood function
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Estimated likelihood function
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Can we obtain Bayes factor from η-ball method ???

Test example:
Linear infection model versus Poisson model
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For Bayes factor k we need

1)
p(M1|I) =

∫
p(M1, β|I) dβ

hence simulate κ trajectories with β-values drawn from
a prior p(β) (can be just the uniform distribution be-
tween a βmin and a βmax)

and count the number of times the simulations are at
the data I (or η-near) irrespectively which β-value is
used gives

#I|M1

#M1

=: p̂(I|M1) −→ p(I|M1) =

∫

p(I|β, M1)p(β) dβ

using the intuitive notation of #M1 = κ as the num-
ber of simulations of model M1 and for the number of
hits of the data (or η-near) from runs of M1 as #I|M1

2) respectively
p(M2|I) =

∫
p(M2, λ|I) dλ



For Bayes factor k we need

3)

k =
p(M1|I)

p(M2|I)
=

p(I|M1)

p(I|M2)
· p(M1)

p(M2)
︸ ︷︷ ︸

=1

hence from the simulations we obtain

k =
p(I|M1)

p(I|M2)
←−

(
#I|M1

#M1

)

(
#I|M2

#M2

) =
#I|M1

#I|M2

using the the same number of realizations from model
M1 and model M2 with parameters each drawn from
suitable priors counting the hits of the data I (or η-
near) resulting simply in

k̂ =
#I|M1

#I|M2



Numerical results

data (from linear infection model M1 and β = 2.0)
and model simulations from M1 and M2. the Poisson
model
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η-ball method internal parameters

η = 15 , κ = 10 000

with κ = #M1 = #M2 as the number of simulations
of model M1 respectively M2 gives Bayes factor

k̂ =
#I|M1

#I|M2

=
1327

1504
= 0.8823

compared to analytical value of k = 0.650476



Reduce η → 0 to improve

with η-ball method internal parameters

η = 15 , κ = 10 000

we had Bayes factor

k̂ =
#I|M1

#I|M2

=
1327

1504
= 0.8823

compared to analytical value of k = 0.650476

now with reduced η-ball size

η = 5 , κ = 10 000

we obtain Bayes factor

k̂ =
#I|M1

#I|M2

=
101

202
= 0.5

in better agreement with the analytical k = 0.650476



Prediction into future based on data (I0, I1, ...In)



Prediction into future based on data (I0, I1, ...In)

joint probability of data points gives likelihood e.g. for
the linear infection model L(β)

p(In, tn, In−1, tn−1, ..., I1, t1, I0, t0|β) =

n−1∏

ν=0

p(Iν+1, tν+1|Iν, tν, β) · p(I0, t0)

= L(β)

and transition probability now into the future t >
tn = tmax knowing In at tn was already calculated
previously :-)

p(I, t|In, tn, β) =

(
N − In

I − In

) (

e−β(t−tn)
)N−I (

1 − e−β(t−tn)
)I−In

is a function of the estimated model parameter β

p(I, t|In, tn, β) = p(I, t|In, tn, β̂)

with maximum likelihood estimate β̂ or any best value
from the Bayesian posterior p(β|I), maximum, median
etc., inserted



Prediction into future based on data (I0, I1, ...In)

then best prediction În+1 for next time step tn+1

given by maximum of p(In+1, tn+1|In, tn, β̂)
∂

∂In+1

ln p(In+1, tn+1|In, tn, β̂)

∣
∣
∣
∣
În+1

= 0

using x! = Γ(x + 1) or for large values Stirling’s for-

mula x! ≈ ex ln(x) and for quantifying the insecurity
of this prediction use

p(In+1, tn+1|In, tn, β̂)

but:

Where is the insecurity

of the underlying previous data (I0, I1, ...In) ???



Prediction into future based on data (I0, I1, ...In)

from the prediction probability p(In+1, tn+1|In, tn, β̂)
and the Bayesian posterior p(β|I)

p(β|I) = p(β|I1, I2, ..., In)

we can construct a joint probability as the product

p(In+1, tn+1|In, tn, β) · p(β|I) = p(In+1, tn+1, β|I)

and integrate over the model parameter β to obtain
the prediction based on the underlying data only (and
including the parameter insecurity naturally)

p(In+1, tn+1|I) =

∞∫

0

p(In+1, tn+1|In, tn, β) · p(β|I) dβ

and only in the limiting case of exactly known param-
eter p(β|I) := δ(β − β̂) we obtain the previous result
p(In+1, tn+1|I, β̂).



Prediction into future based on data (I0, I1, ...In)

prediction probability p(In+1, tn+1|I) for the linear
infection model (including parameter insecurity)

p(In+1, |I) =

∞∫

0

p(In+1, tn+1|In, tn, β) · p(β|I) dβ

=

(
N − In

In+1 − In

)
B(a + In+1 − In + k2, b + N − In+1 + k3)

B(a + k2, b + k3)

again in terms of the beta-function, still depending
on prior parameters but not explicitly on model pa-
rameter β, with k2 :=

∑n−1
ν=0(Iν+1 − Iν) and k3 :=

∑n−1
ν=0(N − Iν+1) only being data dependent

expected to have wide distribution in case of few data



Prediction into future based on data (I0, I1, ...In)

prediction probability p(In+1, tn+1|I) for the linear
infection model (including parameter insecurity)

p(In+1, |I) =

∞∫

0

p(In+1, tn+1|In, tn, β) · p(β|I) dβ

=

(
N − In

In+1 − In

)
B(a + In+1 − In + k2, b + N − In+1 + k3)

B(a + k2, b + k3)
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Difference between p(In+1|β̂) and p(In+1|I)

more pronounced in non-analytical models (e.g. SIS)



Computer practical in Biomaths-Lecture 2014:

data from SIS system in η-ball method
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Parameter estimation with SIS under η-ball:
extended to prediction for In+1 at time tn+1
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Parameter estimation with SIS under η-ball:
extended to prediction for In+1 at time tn+1
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