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Lynx-Hare Data
Example of prey-predator interaction
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Basic prey-predator models
Rosenzweig-MacArthur model

RM model

dx

dt
= x(1− x)− xy

a + x
≡ F (x , y)

dy

dt
=

bxy

a + x
− cy ≡ G (x , y)

Preliminary results

(i) Positivity and boundedness of solutions;
(ii) Determination of equilibria and their stability;
(iii) Stability and LOCAL bifurcation analysis;
(iv) Global stability;
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Basic prey-predator models
Rosenzweig-MacArthur model
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Basic prey-predator models
Attractors and the risk of extinction in RM model
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Prey population can go to extinct which in turn drives the
predators to extinction.
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Basic prey-predator models
Prey and their predators

Vole, Snowshoe Hare, Lemmings and their predators
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Basic prey-predator models
Gause type Models

Gause type model

du

dt
= uf (u)− p(u)v ,

dv

dt
= ep(u)v − q(v)v

du

dt
= uf (u)− p(u, v)v ,

dv

dt
= ep(u, v)v − q(v)v

Variables, parameter and functions

u, v → prey, predator population

t → time

f (u) → per capita prey growth rate

p(u) → prey-dependent functional response

p(u, v) → prey and predator-dependent functional response

q(v) → per capita predator death rate

e → conversion efficiency
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Basic prey-predator models

Growth functions

f (u) = (1− u) → Logistic growth

Functional responses

p(u) =
u

β + u
→ Holling type II

p(u) =
u2

ξ + u2
→ Holling type III

p(u) =
u

η + u2
→ Monode-Haldane

p(u, v) =
u

u + v
→ ratio-dependent

p(u, v) =
u

β + u + v
→ Beddington-DeAngelis
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Basic prey-predator models
Species showing Allee effect

Bluefin Tuna, Kakapo bird, fruit flies, African wild dogs
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Basic prey-predator models
Per capita prey growth functions

 

 

logistic

strong Allee

weak Allee

f (u) = (1− u)(u − η),
0 < η < 1 → strong Allee effect
−1 < η < 0 → weak Allee effect
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Delayed models
Existing Models

Delayed model with Hutchinson type delay

du(t)

dt
= u(t)(1− u(t − τ))− u(t)v(t)

β + u(t)
,

dv(t)

dt
=

αu(t)v(t)

β + u(t)
− δv(t)
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Delayed models
Existing Models

Model with Gestation Delay

du(t)

dt
= u(t)(1− u(t))− u(t)v(t)

β + u(t)
,

dv(t)

dt
=

αu(t − τ)v(t)

β + u(t − τ)
− δv(t)
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Delayed models
Existing Models

Delayed model with Wangersky-Cunningham formulation

du(t)

dt
= u(t)(1− u(t))− u(t)v(t)

β + u(t)
,

dv(t)

dt
=

αu(t − τ)v(t − τ)

β + u(t − τ)
− δv(t)
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Delayed models
Existing Models

Gourley-Kuang formulation

du(t)

dt
= u(t)f (u(t))− p(u(t))v(t),

dv(t)

dt
= e−δjτp(u(t − τ))v(t − τ)− δv(t)
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Delayed models
Model with maturation delay

Reported results

Dealy induced destabilization

Destabilization through Hopf-bifurcation

Destabilization leading to complex/chaotic dynamics

Stability of Hopf-bifurcating periodic solution

Switching of stability

Interesting questions

Why, when and how destabilization takes place due to discrete
time delay?
Does discrete delay always destabilize the system?
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Delayed models
Targeted models

Model with logistic growth

du(t)

dt
= u(t)(1− u(t))− p(u(t), v(t))v(t),

dv(t)

dt
= e−δjτp(u(t − τ), v(t − τ))v(t − τ)− δv(t)

Model with Allee effect in prey growth

du(t)

dt
= u(t)(1− u(t))(u(t)− β)− p(u(t), v(t))v(t),

dv(t)

dt
= e−δjτp(u(t − τ), v(t − τ))v(t − τ)− δv(t)
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RM model with strong Allee effect

RM model with multiplicative Allee effect

dx

dt
= x(1− x)(x − β)− xy

x + α
dy

dt
=

γxy

x + α
− δy

0 < β < 1 → strong Allee effect
−1 < β < 0 → weak Allee effect

Axial Equilibria

E0(0, 0) → always stable
E1(β, 0) → saddle point if γ < δ(α + β)/β and is unstable node
otherwise
E2(1, 0) → LAS for γ < δ(1 + α), saddle point otherwise
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RM model with strong Allee effect

Coexisting equilibrium E∗

x∗ =
αδ

γ − δ
, y∗ = (1− x∗)(x∗ − β)(x∗ + α)

Stability and bifurcation of E∗

E∗ appears and disappears through transcritical bifurcations, TCB
thresholds are γTC1 ≡ δ(1 + α) and γTC2 ≡ δ(α + β)/β
respectively.
E∗ is LAS for γTC1 < γ < γH where

γH = δ +
3αδ

β − α + 1 +
√

(α + β)2 + (α + 1)(1− β)
.
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RM model with strong Allee effect
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Bifurcation diagram for β = 0.2, α = 0.5, δ = 0.2 and with γ
as bifurcation parameter.
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RM model with strong Allee effect
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(Left) γ = 0.29 < γTC1, (Right) γTC1 < γ = 0.34 < γH
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RM model with strong Allee effect
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RM model with strong Allee effect
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Models with Allee effects
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RM model with weak Allee effect

Model with weak Allee effect (−1 < β < 0)

dx

dt
= x(1− x)(x − β)− xy

x + α
dy

dt
=

γxy

x + α
− δy
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Effect of maturation delay
Delayed RM model with Allee effect

Basic Model

dx(t)

dt
= x(t)(1− x(t))(x(t)− β)− x(t)y(t)

x(t) + α
,

dy(t)

dt
=

γe−δjτx(t − τ)y(t − τ)

x(t − τ) + α
− δy(t).
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Effect of maturation delay
Delayed RM model with strong Allee effect

Model with Maturation Delay (0 < β < 1)

dx(t)

dt
= x(t)(1− x(t))(x(t)− β)− x(t)ya(t)

x(t) + α
,

dyj(t)

dt
=

γx(t)ya(t)

x(t) + α
− γe−δjτx(t − τ)ya(t − τ)

x(t − τ) + α
− δjyj(t),

dya(t)

dt
=

γe−δjτx(t − τ)ya(t − τ)

x(t − τ) + α
− δya(t),

Justification for e−δjτ

dyj(t)

dt
= −δjyj

yj(τ) = e−δjτyj(0)
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Effect of maturation delay
Delayed RM model with strong Allee effect

Model with Maturation Delay (0 < β < 1)

dx(t)

dt
= x(t)(1− x(t))(x(t)− β)− x(t)ya(t)

x(t) + α
,

dyj(t)

dt
=

γx(t)ya(t)

x(t) + α
− γe−δjτx(t − τ)ya(t − τ)

x(t − τ) + α
− δjyj(t),

dya(t)

dt
=

γe−δjτx(t − τ)ya(t − τ)

x(t − τ) + α
− δya(t),

Justification for e−δjτ

dyj(t)

dt
= −δjyj

yj(τ) = e−δjτyj(0)
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Effect of maturation delay
Delayed RM model with strong Allee effect

Simplication of the model (2nd equation)

d

dt

(
eδj tyj(t)

)
= eδj t

γx(t)ya(t)

α + u(t)
− eδj (t−τ)γx(t − τ)ya(t − τ)

α + x(t − τ)

yj(t) = γ

∫ 0

−τ
eδj s

x(s + t)ya(s + t)

α + x(s + t)
ds

Final model

dx(t)

dt
= x(t)(1− x(t))(x(t)− β)− x(t)y(t)

x(t) + α
,

dy(t)

dt
=

γe−δjτx(t − τ)y(t − τ)

x(t − τ) + α
− δy(t).

yj(0) = γ

∫ 0

−τ
eδj sya(s)p(x(s))ds.
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Effect of maturation delay
Delayed RM model with strong Allee effect

Simplication of the model (2nd equation)

d

dt

(
eδj tyj(t)

)
= eδj t
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α + u(t)
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dt
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x(t) + α
,
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=

γe−δjτx(t − τ)y(t − τ)
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Basic prey-predator model Delayed models Model with Allee effect Effect of maturation delay

Effect of maturation delay
Delayed RM model with strong Allee effect

Simplication of the model (2nd equation)

d

dt

(
eδj tyj(t)

)
= eδj t

γx(t)ya(t)

α + u(t)
− eδj (t−τ)γx(t − τ)ya(t − τ)

α + x(t − τ)

yj(t) = γ

∫ 0

−τ
eδj s

x(s + t)ya(s + t)

α + x(s + t)
ds

Final model

dx(t)

dt
= x(t)(1− x(t))(x(t)− β)− x(t)y(t)

x(t) + α
,

dy(t)

dt
=

γe−δjτx(t − τ)y(t − τ)

x(t − τ) + α
− δy(t).

yj(0) = γ

∫ 0

−τ
eδj sya(s)p(x(s))ds.
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Effect of maturation delay
Delayed RM model with strong Allee effect

Coexisting equilibrium (0 < β < 1)

x∗(τ) ≡ αδ

γe−δjτ − δ
, y∗(τ) = (1− x∗(τ))(x∗(τ)− β)(x∗(τ) + α).

δ(α + 1)

γ
< e−δjτ <

δ(α + β)

βγ
.
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Effect of maturation delay
Delayed RM model with strong Allee effect

Coexisting equilibrium (0 < β < 1)

x∗(τ) ≡ αδ

γe−δjτ − δ
, y∗(τ) = (1− x∗(τ))(x∗(τ)− β)(x∗(τ) + α).

δ(α + 1)

γ
< e−δjτ <

δ(α + β)

βγ
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Effect of maturation delay
Delayed RM model with strong Allee effect
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Effect of maturation delay
Delayed RM model with strong Allee effect
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Effect of maturation delay
Delayed RM model with weak Allee effect
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Effect of maturation delay
Delayed RM model with weak Allee effect
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Effect of maturation delay
Model with ecological data- Lemming-Stoat interaction
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Effect of maturation delay
Ratio-dependent model with Allee effect

Ratio-dependent functional response

du

dt
= u(1− u)(u − β)− αuv

u + v
,

dv

dt
=

γuv

u + v
− δv

u →

v
 →
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Effect of maturation delay
Ratio-dependent model with Allee effect

Ratio-dependent functional response

du

dt
= u(1− u)(u − β)− αuv

u + v
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dv
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=
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Effect of maturation delay
Ratio-dependent model with Allee effect

Ratio-dependent functional response

du

dt
= u(1− u)(u − β)− αuv

u + v
,

dv

dt
=

γuv

u + v
− δv

u →

v
 →
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Effect of maturation delay
Ratio-dependent model with Allee effect

Ratio-dependent functional response

du

dt
= u(1− u)(u − β)− αuv

u + v
,

dv

dt
=

γuv

u + v
− δv

u →

v
 →
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Effect of maturation delay
Delayed ratio-dependent model with Allee effect

Model

du(t)

dt
= u(t)(1− u(t))(u(t)− β)− αu(t)v(t)

u(t) + v(t)
,

dv(t)

dt
=

γe−δjτu(t − τ)v(t − τ)

u(t − τ) + v(t − τ)
− δv(t).
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Effect of maturation delay
Delayed ratio-dependent model with Allee effect

Model

du(t)

dt
= u(t)(1− u(t))(u(t)− β)− αu(t)v(t)

u(t) + v(t)
,

dv(t)

dt
=

γe−δjτu(t − τ)v(t − τ)

u(t − τ) + v(t − τ)
− δv(t).
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Effect of maturation delay
Model with Beddington-DeAngelis functional response

Beddington-DeAngelis functional response

du

dt
= u(1− u)− αuv

β + u + v
,

dv

dt
=

γuv

β + u + v
− δv

u →

v
 →
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Effect of maturation delay
Model with Beddington-DeAngelis functional response

Beddington-DeAngelis functional response

du

dt
= u(1− u)− αuv

β + u + v
,

dv

dt
=

γuv

β + u + v
− δv

u →

v
 →
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Effect of maturation delay
Model with Beddington-DeAngelis functional response

Beddington-DeAngelis functional response

du

dt
= u(1− u)− αuv

β + u + v
,

dv

dt
=

γuv

β + u + v
− δv

u →

v
 →



Basic prey-predator model Delayed models Model with Allee effect Effect of maturation delay

Effect of maturation delay
Model with Beddington-DeAngelis functional response

Beddington-DeAngelis functional response

du

dt
= u(1− u)− αuv

β + u + v
,

dv

dt
=

γuv

β + u + v
− δv

u →

v
 →
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Effect of maturation delay
Model with Beddington-DeAngelis functional response

Beddington-DeAngelis functional response

du(t)

dt
= u(t)(1− u(t))− αu(t)v(t)

β + u(t) + v(t)
,

dv(t)

dt
=

γe−δjτu(t − τ)v(t − τ)

β + u(t − τ) + v(t − τ)
− δv(t)
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Effect of maturation delay
Model with Beddington-DeAngelis functional response

Beddington-DeAngelis functional response

du(t)

dt
= u(t)(1− u(t))− αu(t)v(t)

β + u(t) + v(t)
,

dv(t)

dt
=

γe−δjτu(t − τ)v(t − τ)

β + u(t − τ) + v(t − τ)
− δv(t)



Basic prey-predator model Delayed models Model with Allee effect Effect of maturation delay

Collaborators

Andrew Morozov Moitri Sen

Sergei Petrovskii Yasuhiro Takeuchi



Basic prey-predator model Delayed models Model with Allee effect Effect of maturation delay

Thank You


	Basic prey-predator model
	Delayed models
	Model with Allee effect
	Effect of maturation delay

