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BASIC PREY-PREDATOR MODEL

Lynx-Hare Data
Example of prey-predator interaction
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BASIC PREY-PREDATOR MODEL

Basic prey-predator models
Rosenzweig-MacArthur model

”
Preliminary results

(i) Positivity and boundedness of solutions;

(ii) Determination of equilibria and their stability;
(iii) Stability and LOCAL bifurcation analysis;
(iv) Global stability;
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Basic prey-predator models

Rosenzweig-MacArthur model
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Basic prey-predator models

Attractors and the risk of extinction in RM model
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Prey population can go to extinct which in turn drives the
predators to extinction.
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Basic prey-predator models
Prey and their predators

Vole, Snowshoe Hare, Lemmings and their predators
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Basic prey-predator models

Gause type Models

Gause type model

du dv

= uf (u) — p(u)v, e ep(u)v — q(v)v
% = uf(u) — p(u, v)v, % = ep(u,v)v —q(v)v

Variables, parameter and functions

@ u, v — prey, predator population

t — time

f(u) — per capita prey growth rate

p(u) — prey-dependent functional response

p(u,v) — prey and predator-dependent functional response

q(v) — per capita predator death rate

e — conversion efficiency




BASIC PREY-PREDATOR MODEL

Basic prey-predator models

e f(u) = (1 —u) — Logistic growth

Functional responses

e p(u) = T—lij-u — Holling type Il
2
u
o p(u) = — Monode-Haldane
Plu) = =
e p(u,v) = ., 4 v ratio-dependent
e p(u,v) = . — Beddington-DeAngelis

B+u+v
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Basic prey-predator models
Species showing Allee effect

Bluefin Tuna, Kakapo bird, fruit flies, African wild dogs
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Basic prey-predator models

Per capita prey growth functions

—logistic
—strong Allee
—weak Allee

f(u) = (1= u)(u—mn),
0 <71 <1 — strong Allee effect
—1 < n <0 — weak Allee effect
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Delayed models

Existing Models

Math. Model. Nat. Phe
Vol. 4, No. 2, 2009, pp. |4n 188

DOI: 10.1051/mmnp/20094207
On Nonlinear Dynamics of Predator-Prey Models
with Discrete Delay™

S. Ruan’

Department of Mathematics. University of Miami. Coral Gables. FLL 33124-4250. USA

Delayed model with Hutchinson type delay

du(t)
D - (e -

dv(t) _ au(t)v(t) ,
dt B +u(t) ov(t)
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Delayed models

Existing Models

Biology Vol 45, No. G, pp. 991-1004, 1983,

THE TRADE-OFF BETWEEN MUTUAL
INTERFERENCE AND TIME L AGS IN
PREDATOR-PREY SYSTEMST

m H.IL FREEDMAN and V. SREE [TART RAO X
Department of Mathematics,
University of Alberta,
Edmonton, Alberta, Canada T6G 2G1

Model with Gestation Delay

du(t) () — u(t)v(t)
S = - ) - 5
dv(t) au(t — 7)v(t)

i = praen 0
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Delayed models

Existing Models

TIME LAG IN PREY-PREDATOR POPULATION MODELS
PeTER J. WANGERSKY AND W. J. CUNNINGHAM

Osborn Zoological Laboratory and Dunham Laboratory of Electrical Engineering,
Yale University, New Haven, Connecticut

Ecology, 38, 136 - 139 (1957)

Delayed model with Wangersky-Cunningham formulation

du_(t) = u —u - M
i (5)(1 — u(t)) B+ u(t)’
dv(t) _ au(t—T)v(t—7) — Sv(t)

dt B+ u(t—7)
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Delayed models

Existing Models

J. Math. Biol. 49, 188-200 (2004) Mathematical Biology

Digital Object Identifier (DOI):
10.1007/s00285-004-0278-2

Stephen A. Gourley - Yang Kuang

A stage structured predator-prey model and its
dependence on maturation delay and death rate

Gourley-Kuang formulation

dljd—(tt) = wu(t)f(u(t)) — p(u(t))v(t),
d‘;l_(tt) = e UTp(u(t —7))v(t —7) — dv(t)
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Delayed models
Model with maturation delay

Reported results

Dealy induced destabilization

Destabilization through Hopf-bifurcation
Destabilization leading to complex/chaotic dynamics
Stability of Hopf-bifurcating periodic solution
Switching of stability

| \

Interesting questions

Why, when and how destabilization takes place due to discrete
time delay?
Does discrete delay always destabilize the system?




Delayed models
Targeted models

Model with logistic growth

dZ(tf) = u(&)(1 — u(8)) — p(u(t), v(E)V(E),
df) = e UTp(u(t — 1), v(t — ))v(t — ) — dv(t)

du(t)
— ()1 — u(E)(u(t) — B) — p(u(e), (D) (1),

dt
= e UTp(u(t — 1), v(t — 7))v(t — T) — dv(t)

dv(t)
dt
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MODEL WITH ALLEE EFFECT

RM model with strong Allee effect

RM model with multiplicative Allee effect

dx Xy
- 1 _B)

= = x1-xx-p)- L
dy oy sy

dt X+ «

A

0 < B < 1 — strong Allee effect
—1 < B < 0 — weak Allee effect

Axial Equilibria

| A\

Eo(0,0) — always stable

E1(B,0) — saddle point if v < d(a + )/ and is unstable node
otherwise

E>(1,0) — LAS for v < 6(1 + «), saddle point otherwise




MODEL WITH ALLEE EFFECT

RM model with strong Allee effect

Coexisting equilibrium E,

ad

%= 205 v = (1%l = B +0)

Stability and bifurcation of E,

E. appears and disappears through transcritical bifurcations, TCB

thresholds are y1¢, = d(1 + «) and vr¢, = 0(a+ 5)/8
respectively.

E. is LAS for y1¢, < v < yH where

3ad
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RM model with strong Allee effect
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as bifurcation parameter.



MODEL WITH ALLEE EFFECT

RM model with strong Allee effect
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(Left) v = 0.29 < y7¢1, (Right) y7¢c1 <7 =0.34 < vy



MODEL WITH ALLEE EFFECT

RM model with strong Allee effect

(Left) vy < v = 0.352 < e, (Right) v = 0.3544596588 = ¢
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RM model with strong Allee effect
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(Left) yuc < v =0.36 < yrc2, (Right) v7¢, <y =0.71
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Models with Allee effects
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RM model with weak Allee effect

Model with weak Allee effect (—1 < 3 < 0)

dx Xy
— = x(1—x)(x—p)—
dt ( X 2 X+«
@&vo_ oy
dt X+«
; Vol

v —
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Effect of maturation delay

Delayed RM model with Allee effect

iology 412 (2017) 154-171
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Maturation delay for the predators can enhance stable coexistence for a (!) CrossMak

class of prey—predator models

Malay Banerjee™", Yasuhiro Takeuchi”
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Basic Model

dx(t)
0~ - () - ) -

dy(t) _ e x(t—T)y(t 1)
Cdt x(t—7)+ « — oy().

x(t)y(t)

x(t) +

)
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Effect of maturation delay

Delayed RM model with strong Allee effect

Model with Maturation Delay (0 < 8 < 1)

dx(t) x(t)ya(t)
- xe)xe - 5) - X2,
dyj(t) _ x(t)ya(t) e x(t—T)ya(t—7)
(th T x()+a x(t—17)+ « — 0yi(t),
dy,(t) 'Ve_(szX(t —7)ya(t —7)
a x(t—7)+« — 0ya(t),




EFFECT OF MATURATION DELAY

Effect of maturation delay

Delayed RM model with strong Allee effect

Model with Maturation Delay (0 < 5 < 1)

2 = X0 )t - 8) - S

dyéit) - 7;((:)%? - Veéj;)zgt—_:))fs_ﬂ = 5y;(t),

4o T
Justification for e =97

yi(m) = e °7y;(0)
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Effect of maturation delay

Delayed RM model with strong Allee effect

Simplication of the model (2nd equation)

d ( 5t 8¢ 1X(t)ya(t) i (t—7) yx(t — 7)ya(t —7)
_ (t — MENEPENTY

dt(ejyj( )) ¢ a+ u(t) ¢ a+x(t—71)

B O s5sX(s+ t)ya(s + t)
¥i(t) 7/_765 iy
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Effect of maturation delay

Delayed RM model with strong Allee effect

Simplication of the model (2nd equation)

e () = S
Ve B T
d);(tt) = x(t)(1 — x(t))(x(t) — B) — ig;nyti
B = TR e
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Effect of maturation delay

Delayed RM model with strong Allee effect

Simplication of the model (2nd equation)

% (e(sftyj(t)) = e‘sffm _ i) ’YX(OIZ J—r Zz{aftf_) 7)
! Bt i
2 = X0 x)x0) - 5) - e
0 e
y(0) = /_ O e’°ya(s)p(x(s))ds.
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Effect of maturation delay
Delayed RM model with strong Allee effect

Coexisting equilibrium (0 < 5 < 1)
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Effect of maturation delay
Delayed RM model with strong Allee effect

Coexisting equilibrium (0 < 5 < 1)
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Effect of maturation delay

Delayed RM model with strong Allee effect
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Effect of maturation delay
Delayed RM model with strong Allee effect

YHC <7V <YTGi YTH <7V <YHC: YTC, <7V <VH
0 = 0; — vertical dotted line
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Effect of maturation delay

Delayed RM model with weak Allee effect
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Effect of maturation delay

Delayed RM model with weak Allee effect

EFFECT OF MATURATION DELAY

E, is not feasible

T
T

'
E, is stdble
H E. is stable

Limit cycle

E, is not feasible

8- 8-
I 1

YH <Y <YHC: VTG <V <TH
0 = 0; — vertical dotted line
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Effect of maturation delay

Model with ecological data- Lemming-Stoat interaction

Mathematical Biosciences 221 (2009) 1-10
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The roles of predator maturation delay and functional response in determining
the periodicity of predator-prey cycles
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Effect of maturation delay

Ratio-dependent model with Allee effect

Ratio-dependent functional response

du auv  dv Yyuv

dt u(l—u)(u—ﬁ)—u+v, dt u—|—v_5v
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Effect of maturation delay

Ratio-dependent model with Allee effect

Ratio-dependent functional response

du auv  dv Yyuv

dt u(l—u)(u—ﬁ)—u+v, dt u—|—v_5v

V-
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Effect of maturation delay

Ratio-dependent model with Allee effect

Ratio-dependent functional response

du auv  dv Yyuv

dt u(l—u)(u—B)—u+v, dt u—|—v_5v

V-
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Effect of maturation delay

Ratio-dependent model with Allee effect

Ratio-dependent functional response

du auv  dv Yyuv

dt u(l—u)(u—B)—u+v, dt u—|—v_5v

V-
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Effect of maturation delay

Delayed ratio-dependent model with Allee effect

du(t) _ — u(®)(u(e) - ) — 2.
i Ol Q) COR R roav et
dv(t) _ Ve";fT“(t_T)"(t_T)—5V(f)-

dt  u(t—7)+v(t—1)
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Effect of maturation delay

Delayed ratio-dependent model with Allee effect

au(t)v(t)
= u(B) - u()(u(t) - B) -~

dv(t) ye %Tu(t — 7)v(t — 7)
dt wu(t—T7)+v(t—T) —ov(t).

Ecological Complexity 19 (2014) 23-34
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Original Research Article

Stage-structured ratio-dependent predator-prey models revisited: @Cmmk
When should the maturation lag result in systems’ destabilization?
Moitri Sen?, Malay Banerjee?, Andrew Morozov "

Department of Mathematics and Statistics, LLT. Kanpur, Kanpur 208016, India
® Department of Mathematics, University of Leicester, UK
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Effect of maturation delay

Model with Beddington-DeAngelis functional response

Beddington-DeAngelis functional response

du uv dv yuv

S S Y o A
B+u+v dt B+u+v Y
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Effect of maturation delay

Model with Beddington-DeAngelis functional response

Beddington-DeAngelis functional response

du uv dv yuv

S S Y o A
B+u+v dt B+u+v Y

V-
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Effect of maturation delay

Model with Beddington-DeAngelis functional response

Beddington-DeAngelis functional response

du uv dv yuv

S S Y o A
B+u+v dt B+u+v Y

V-
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Effect of maturation delay

Model with Beddington-DeAngelis functional response

Beddington-DeAngelis functional response

du uv dv yuv

S S Y o A
B+u+v dt B+u+v Y

V-
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Effect of maturation delay

Model with Beddington-DeAngelis functional response

Beddington-DeAngelis functional response
au(t)v(t

g = U0 - u) - et

dv(t) . 'ye_‘szu(t—T) (t—1)
dt ,3+u(t—7')+v(t—7')_6v(t)
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Effect of maturation delay

Model with Beddington-DeAngelis functional response

Beddington-DeAngelis functional response

du(t) _
2 = (- u(e) -

dv(t) ye %Tu(t — 7)v(t — 7)
dat ,3+u(t—7')+v(t—7')_5v(t)

Nonlinear Analysis: Real World Applications 11 (2010) 4072-4091
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