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ARTICLE INFO ABSTRACT
Article history: The standard model for the dynamics of a fragmented density-dependent population is built from several
Received 27 May 2015 local logistic models coupled by migrations. First introduced in the 1970s and used in innumerable
Available online 16 October 2015 articles, this standard model applied to a two-patch situation has never been completely analysed. Here,
we complete this analysis and we delineate the conditions under which fragmentation associated to
ﬁ‘?r:":ml fic competition dispersal is either beneficial or detrimental to total population abundance. Therefore, this is a contribution
memmon pet to the_SLOSS question. Imponantly. \_Ne_also show that, depen_ding_on the underlying mechanism, there is
SLOSS no unique way to generalize the logistic model to a patchy situation. In many cases, the standard model

is not the correct generalization. We analyse several alternative models and compare their predictions.
Finally, we emphasize the shortcomings of the logistic model when written in the r-K parameterization
and we explain why Verhulst's original polynomial expression is to be preferred.

© 2015 Published by Elsevier Inc.

Slow-fast systems




The SLOSS debate

Single Large Or Several Small (SLOSS) patches
is a big issue for biodiversity conservation.

The simplest case :

e Two patches e o
o °0 o
. 0029 o© 9 %0
e One population on each patch (the same) @_' . : :o : ‘.; .
e Logistic growth + linear dispersal . : )
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The SLOSS debate

Single Large Or Several Small (SLOSS) patches
is a big issue for biodiversity conservation.

The simplest case :
e Two patches
e One population on each patch (the same)

e Logistic growth + linear dispersal

dN,
— =7 Ny — M N?-
dN>
—— =721\ — Mo N3 -
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The SLOSS debate

Single Large Or Several Small (SLOSS) patches
is a big issue for biodiversity conservation.

The simplest case :

e Two patches

e One population on each patch (the same) @_' .

e Logistic growth + linear dispersal

AN,
dt
ANy
dt

= r1 Ni — MiN}? + B(Ny — Ny)

— T2 N2 — )\2N22 —|—6(N1 —NQ)
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The SLOSS debate

Single Large Or Several Small (SLOSS) patches
is a big issue for biodiversity conservation.

The simplest case :

e Two patches R
o o o
e One population on each patch (the same) @_' . 'o‘:; 8 °°
0° o2 oo q & ¢
e Logistic growth + linear dispersal .. :
dN;
2
— =1 N1 — )\1N1 -+ 6(N2 — Nl)
dt
dNo
2
—dt — T2 NQ — )\2N2 —+ 5(N1 — NQ)

Let (N{, NJ) be the equilibrium
Compare Ny 4+ N3 with K1 + Ko
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The two-patches logistic

e First investigations : Freedman-Waltman 77, DeAngelis et al 79,
Holt 85, Hanski 99...

e 3 — 00 : Freedman-Waltman 77

o I’% = l%: DeAngelis-Zhang 14

e Surprisingly no general treatment in 2014

e Arditi, Lobry and Sari, T.P.B. 2015
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The two-patches logistic

e First investigations : Freedman-Waltman 77, DeAngelis et al 79,
Holt 85, Hanski 99...

e 3 — oo : Freedman-Waltman 77
e &= ;{—22: DeAngelis-Zhang 14
e Surprisingly no general treatment in 2014
Arditi, Lobry, Sari 15. Let the system in Lotka notations :
dN,
dt
dN>
dt
Assume K7 < K, then :

Ny — N{

172 * *

Ny =N{+ Ny =K +Ky+ 03
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The two-patches lagisti¢’™, "
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r»=rj

a 1.65

1.60

1.55
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e (ERIIREER R  SRUL

K; < N{ < N5 < K5

Nj =K+ Ky + 82— (ZN;—T—le>

T2 * *
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Not just simulations :
uses

dN; . N — N7
d8 ~ B(N},Nj) /
)+

N2 N2
where B(Ny, N;) = %%NlNz + B [%NZL B %ﬁ]

a 1.65
2.04

1.60 2.02

1.55
1.98

1.50 1.96
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A paradoxical result
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A paradoxical result
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N = concentration of bacteria
s = concentration of substrate

N(t)+s(t)=cst =s(0)+N0) =M

Time




A paradoxical result

(6) o.o.o

° e o .o e %
(5] (5] o.o.:o

(5]

e O (o) (0] ....
O OO .““’
(6] e ©0

o © © .oo..o
e o e o ©
e o 0%0° o

N = concentration of bacteria
s = concentration of substrate

dN

&Y _ N

a "

ds dN
- _ — =

— = —uNs o

Evora 17 02 0Ol

Time




A paradoxical result

% = M Ny (1 = %) + B(N2 — 1)

% — uM;N; (1 - %) + B(N1 = Ny)
N;=K1+K2+ﬁ£_flvjz_{]v?]1;5 (ZNS—%NT)
N = My + Mo +6“A%€V§AJZ—2J]\\ENS (ﬂJ\%N; — ﬂj{Zle)
N7 = M + M, >0
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A paradoxical result
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This i1s a "reduced model”
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N = concentration of bacteria Time
s = concentration of substrate
dN
— — uUN
a e
ds dN




A paradoxical result

The coupling of the two “reduced models”
is not a “reduced model”
of the coupling of the two models.

dN
d—tl = ulNis; + B(N2 — Ny) \
N N1+ No+ 51+ 89 = My + Mo
d—752 = Nasa + B(N1 — Na)
ds 7
d—tl = —,uN181 + 04(82 — 81)
N{ + Ny = My + Mz — (57 + s3)
ds
d—f — —ILLNQSQ -+ 04(81 — 82) J

le Nl

a = uMiN; (1 — M) + B(N2 — Nyp) }

dNo Ny
— = uM->N> |1 — —= N, — N.
oy iVig 2( M2>+5( 1 2)
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A paradoxical result
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S The true model




A paradoxical result

K> ..

R. Arditi et al. / Theoretical Population Biology 106 (2015) 45-59

K> ..
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The MacArthur reduction

R
— s{1——) —aN|R,
dt L

dN
g(@awR — q)N,

dt
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The MacArthur reduction

a
IR [s(l—lj)—aN]R, R=L(1——N
dt L S

dN
dt
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The MacArthur reduction

a
dR :[5(1—5)—aN R, R=L(1——N)
dt L S
dN
Eze(awR—q)N, e <L 1

b

bL —
Logistic with : r = e(bL — q), K = > q.
a bL
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Coupling of “reduced models”

" dNq aiby
— = &1 b1L1 —q1 — —L]N] N] + ﬁ(NZ _ Nl),
< dt S1
dN axb
d—t2 = & (szz — (2 — %LzNz) N> + B(N1 — Ny).
\ 2

Coupling of “full models”
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- dR; i ( R;
— = |5 1 — —
e~ | L,
dR; i R,
A
] dt I L,
dN

dt

dN,

Codt

) — a1 N1 |Ry + (R — Ry),

) —ay; N2 | Ry + (R — Ry),

= &£1(b1R1 — q1)N1 + B(N2 — Ny),

= &2(b2R; — q2)N2 + B(N1 — N»).




The MacArthur reduction

[ dNq aiby
? = &1 blLl —q1 — —L]N] N] + ﬁ(Nz - Nl),

dN a,b

d—2 boL, — qy — QLzNz) N, + B(N1 — Np).
| dt S2

P=NTEN, NP = NTENS

r dR] i Rl )

— = | 5 ( ) — a4 Rl + a(RZ - Rl),

dt i

dR i

2 _ s, (1 — Ry +a(R1 — Ry),
] dt i

dN

d_tl 1R1 — q1)N1 + B(N; — Ny),

dN
L d_t2 £2(b2Ry; — q2)N2 + B(N1 — N»).
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The MacArthur reduction

Analysis of the coupling of the “full model” is more complex :

e Take advantage of ¢ << 1 with a
carefull use of Tychonov theorem
(mathematics of quasi-steady state analysis).

e Asymptotic analysis for o,  — o0
e Asymptotic analysis for a, 5 — 0

e Complete with computer simulations.
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Ni* (B)

a 227
°°°ooooo°°°°°°°ooooooooo°
21 1 o’
°°
o°°
2.0 1 °
o
°
- o
1.9 °°o
S
1.8 1 S
)
)
°o
1.74 o
)
°
°
164 °
o° NT(ﬁ)
o
S T
K, + K>
1.4 v T T v \
0 0.2 04 0.6 0.8 1

0.6 0.8

0.4

0 0.2

Evora 17 02 0Ol

B

b

d

3.104

3.084

N:(B)

0.8 1




No migration of the
resource

0 0.2 0.4 0.6 0.8 1
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a 3.17

284

2.7 T
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Conclusion

e Coupling “reduced models” is meaningless.
e Coupling “tull models” is meaningfull.

e Reduce the coupled “full models” and analyse it.
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